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Abstract 

Evaluation of variation of a Green's function in a gauge field theory with a gaug e parameter 6 in volves 



field transformations that are (close to) singular. Recently, we had demonstrated |hep-th/0106264| some 
unusual results that follow from this fact for an interpolating gauge interpolating between the Feynman and 
the Coulomb gauge (formulated by Doust). We carry out further studies of this model. We study properties 
of simple loop integrals involved in an interpolating gauge. We find several unusual features not normally 
noticed in covariant Quantum field theories. We find that the proof of continuation of a Green's function from 
the Feynman gauge to the Coulomb gauge via such a gauge in a gauge-invariant manner seems obstructed 
by the lack of differentiability of the path-integral with respect to 9 (at least at discrete values for a specific 
Green's function considered) and/or by additional contributions to the WT-identities. We show this by the 
consideration of simple loop diagrams for a simple scattering process. The lack of differentiability, alternately, 
produces a large change in the path-integral for a small enough change in 9 near some values. We find several 
applications of these observations in a gauge field theory. We show that the usual procedure followed in the 
derivation of the WT-identity that leads to the evaluation of a gauge variation of a Green's function involves 
steps that are not always valid in the context of such interpolating gauges. We further find new results related 
to the need for keeping the e-term in the in the derivation of the WT-identity and and a nontrivial contribution 
to gauge variation from it. We also demonstrate how arguments using Wick rotation cannot rid us of these 
problems. This work brings out the pitfalls in the use of interpolating gauges in a clearer focus. 



1 Introduction 

The standard model is a non-abeUan gauge theory possessing a nonabehan gauge-invariance. The con- 
sequences of the gauge-invariance have been formulated as the WT-identities |||, |^ and are very important to 
the discussion of renormalization and unitarity of the gauge theories]^, Q|. At the practical as well as formal 
level, they are important in the discussion of gauge-independence of observables. While the WT-identities in 
their usual form that is relevant to the discussion of renormalizability ( i.e. structure of counterterms etc.) are 
formulated via the usual (constant) BRS transformation, the form of the WT-identities relevant to the discussion 
of gauge-independence is formulated by considering a field- dependent gauge transformation[H or its equivalent 
in the BRS formulation [These have been called IFBRS (Infinitesimal Field-dependent BRS) transformations[H]. 
Recently, we found ||5| reason to be cautious about the use of these field dependent transformations as they are 
(close to) singular and have to be treated very carefully. We had found, (and also given its justification), that 
while such a procedure that uses these IFBRS transformations does not seem to lead to any obvious trouble within 
the class of the Lorentz-type gauges, it does indeed spell an unexpected trouble for a class of interpolating gauges 
interpolating between the Lorentz and the Coulomb gauge . We had found that in view of the "singular" nature 
of the transformation involved, a careful treatment of the path-integral including a correct e-term throughout was 
imperative and we had further found that quite unexpected results follow from this treatment. These results are 
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further summarized in Sec. 2. (We expect this phenomenon to be of a scope more general than the context in 
which it was analyzed). One of the purposes of this work is to analyse these results in detail to shed new light. 

We shall now elaborate on the importance and scope of the subject matter discussed in this work. Calculations 
in the standard model, a non-abelian gauge theory, have been done in a variety of gauges depending on the ease 
and convenience of calculations |^, [zj, [l8||. Many different gauges have also been used in formal treatments in 
different contexts. For example axial gauges have been used in the treatment of Chern-Simon theory, planar gauges 
in the perturbative QCD, radial gauges in QCD sum-rules and Coulomb gauges in the confinement problem in 
QCD 1^. Superstring theories also use to advantage both the covariant and the light-cone treatments |0. One 
of the important questions, far from obvious, has been whether the results for physical observables are, in fact, 
independent of the choice of the gauge used in calculations. While it has naively been assumed that this must do 
so, it is quite another matter to actually prove the gauge independence of observables in general^. A good deal 
of literature has been devoted to this question directly or indirectly. 

The approach of interpolating gauges has been used to give a definition of gauges other than the Lorentz 
gauges §. It has also been employed in formal arguments that attempt to show the gauge-independence of 
observables in gauges so connected to, say, the Lorentz gauges Q. The basic idea behind interpolating gauges 
is to formulate the gauge theory in a gauge for which the gauge function F[A(a;);a] depends on one or more 
parameters a in such a manner that for different values of the parameters we recover gauge theories in different 
gauges. For example, the gauge function F[A{x);9] used by Doust to connect the Coulomb and the Feynman 
gauge is given by 

F[A,e]^[ed°A^-^-d,A,] (1) 

where for 9=1, we recover the Feynman gauge and for 9^ 0, we recover the Coulomb gauge. Similarly, one could 
interpolate between the axial and the Lorentz type gauges by a gauge function such as 

F[A,K,X] = ^[{l-K)^^'A^ + nJ^.A] (2) 

where for k=0, we recover a Lorentz-type gauge and for k=1, we recover the axial gauge in the limit. Such 
interpolating gauges have been employed in attempts to prove independence of observables on the choice of the 
gauge. The arguments in such proofs proceed along the same lines as those that prove the gauge independence 
of physical observables under, say, a variation of the gauge parameter in the Lorentz type gauges. It is here that 
we wish to first introduce a note of caution that while such procedures may work within the class of Lorentz 
gauges, the results of [D indicate that this may not be true for interpolating gauges from one class to another 
as elaborated below. [ The problem of definition of gauges other than the Lorentz has in fact another solution 
that proceeds via a careful way to link various pairs of gauges. This has already been introduced jl^ and results 
evaluated from these for various noncovariant gauges]. 

In ref. 1^, we had established several new observations regarding the interpolating gauges. These observations 
apply to the type of the interpolating gauges such as those given by (0) [and possibly also to a large class of 
similar interpolating gauges] but they do not affect the results while dealing with the usual class of Lorentz-type 
gauges (in an unbroken theory at least) . These observations pertain to the role of the e-term in the path- integrals 
for such interpolating gauges. They are: 

(i) While discussing the gauge variation, (e.g. varying 6* in (Q)), the variation of the e-term must be taken into 
account, if the gauge-independence of the expectation value of a gauge-invariant operator is to be at all preserved. 

(ii) When this variation of the e-term under 9 9 + 59 is taken into account, the net effect on the propagator is 
NOT an infinitesimal one; but a drastic one if ^ is sufficiently larg^ These observations were further employed 
to imply that an interpolating gauge as in (|l|) with any simple e-term cannot interpolate gauge- invariantly between 
two gauges. 

While the above observations in |^ could be interpreted only in a negative Hght regarding the viability of 
using the interpolating gauges, the study of interpolating gauges in ||^ also raises several unusual questions of 
a general nature about the derivation and the usage of the WT-identities in the gauge theories especially when 

^As the path-integral in Lorentz-type gauges are well-defined, a little thought will show that in the path-integral framework this 
is really a question of whether and how path-integrals in other sets of gauges can be defined in a manner consistent with the Lorentz 
gauges. 

^We note that ^is a dimensionful quantity; so the exact meaning of this qualitative characterrization involves other kinematical 
quantitiesp]. 
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they concern the variation of Green's functions with a gauge parameter. It is beheved that these questions have 
enough significance by themselves; independent of the context they arose from and could have appHcations in 
gauge field theory in general. This article brings out these questions into a clearer focus by a further study of 
the example in |||]. When we write down the WT-identities, we do not normally take account of the variation 
of the e-term in the path-integral. The results of Ref. |^ lead one to strongly suspect that this procedure to 
be a simplification valid (probably) only for the class of the covariant Lorentz gauges. While dealing with the 
6*- variation of the Green's functions in gauges such as those in Eq. (|l|), we find that we cannot drop the effect of 
the e-term. Further, even if we were to take into account the effect of the 6*- variation [9^9 + S9] of the e-term 
, observation (ii) above suggests that we cannot possibly regard the effect as "infinitesimal" if ^ is sufficiently]^ 
large ^. 

These results point out to the fact that an infinitesimal variation in 9 [viz. 9 —* 9 + S9], may sometimes produce 
an "out of proportion" effect in Green's functions in such formulations. (In other words, the Green's functions 
may not be differentiable at some points). In such cases the WT-identities derived by treating all variations as 
infinitesimal and, in particular, ignoring the variation of the e-term may not always be the correct procedure. 

In view of these observations in ||^ , we undertook to analyse the example in |Q in more details so that any 
unusual features of the gauge theories in such gauges stand out. A close look at the analysis makes one believe 
that the scope of the observations made here and in may be much more wide than the specific context in which 
it was analysed. 

In this work, therefore, we analyse in a greater detail some relevant simple examples where there is reason 
to suspect new features not addressed to so far. Using these, we aim to address the question of the usage of 
WT-identities in the discussion of the gauge-dependence of Green's functions and observables in the interpolating 
gauges. 

In view of the unusualness of conclusions arrived at, we find it desirable to analyze the issues in a fine detail 
so that there are no obvious loopholes. We shall therefore first analyze a simple example by stages. 

One of the essential points in was that as 9 ^ 9 + S9 , the variation in the e-term, even though infinitesimal 
of 0[£56'] formally, can in fact lead to a change in the propagator of much more significant kind. This arose 
essentially from the fact that the effect of this term in some kinematical region blows up. In this work, we want 
to analyze, in some greater detail, effects of these kinds and further correlate these to the results of Ref. and 
the expectations raised by it. 

We now state the plan of the paper. In section 2, we shall introduce the notations and summarize the 
conclusions of Ref. |^. In section 3, we shall pinpoint the potential sources of trouble possibly requiring caution. 
We analyze it from the point of view of the validity of the Taylor expansion of a propagator such as 



around 9 = 9q and the problems that it can lead to for a k for which 6'§fcQ — |kp « 0. We suspect two kinds of 

_d_ 

de 



troubles: (i) One with differentiability in 61 as e ^ 0. (ii) Second with order of the differentiation ^ and the limit 



e 0. 

In section 4, we consider for illustration purposes, a simple model (noncovariant 0'*- theory) where such a 
phenomenon can be analyzed in detail. We, in fact, confirm the suspicions raised in the Sec 3. In section 5, we 
consider the various orders of limits / differentiations occurring in the definition of gauge- variation of S-matrix and 
Green's functions. We analyze the procedure normally used in this connection keeping in mind for contrast the 
observations made in the section 4. Here, we point out that there are several delicate situations in the derivation 
of WT identities and the discussion of gauge dependence. These are the situations where (i) Order of limit 
e — > and differentiation with 9, (ii) Expansion of an exponential with an "infinitesimal" appearing exponent 
(iii) Keeping track of the e-term and its effects etc may have to be treated with care. 

In section 6, we address to the question of the 6'-dependence of S-matrix elements and Green's functions in the 
interpolating gauge of Eq. (Q). We focus our attention on a particular contribution to a simple 1-loop diagram. 
We show that there exists a value of 6* S (0, 1) where this contribution is not differentiable . What is worse, is that 
we find that the limits e ^ and the differentiation do not commute at this point. In fact the right derivative 
^11^^ in fact goes to infinity. Thus, it is generally not correct to assume that an infinitesimal variation in 9 will 

produce an infinitesimal variation in the path-integral as is done in the derivation of a WT-identity. The simple 

^See the earlier footnote regarding this qualitative characterization. 
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example dealt with here will also enable us to see that such situations will also exist in more compHcated loop 
diagrams. In section 7, we extend the above argument to a class of off-shell Green's functions. 

In Section 8, we shall analyse the results of section 6 in a direct manner. One of the suspicions one may 
have had is that one should not have the problems enumerated above because one could have formulated the field 
theory in Euclidean space to begin with ; thus avoiding any necessity of an e-term. The analysis of this section will 
help us understand why this procedure cannot rid us of the problems. Here, we find how the non-differentiability 
in 6 is connected to the presence of a branch-point in the complex s'-plane (here, s' = — |pp, see section 4 for 
more on its definition) . We also find out as to why these problem cannot be avoided in the Euclidean formulation 
as they will pop up while carrying out the analytic continuation from the Euclidean formulation. 

In section 9, we derive a result which makes a contact between the result in |Q and the result in section 6 of 
this work. In section 10, we shall examine the procedure we normally follow in the derivation of the WT-identities. 
We point out, with reasons, the places that require a careful treatment. In section 11, we add several comments. 
We comment on the extension of the result about non-differentiability of the path-integral. We also comment 
on the use of wavepckets for external lines. In appendix A, we shall present a simple example of an off-shell 
Green's function where we explicitly confirm a nondifferentiable behavior in 9. In section 12, we summarise our 
conclusions. 

This work brings out some of the pitfalls one has to face while formulating a gauge-invariant field theory using 
interpolating gauges. 

As a final comment, we note that despite the unusual nature of conclusions, this work does not require more 
than a usual knowledge of Quantum Field Theory and algebra. 



2 Summary of some results and Notations 

In this section, we shall summarize some results from the past works of references ||l^ and |^ that are needed for 
our purpose. In the process, we shall also introduce our notations. 

In this work, we propose to discuss, in the path integral framework, some difficulties encountered in the use 
of the interpolating gauges that interpolate between pairs of gauges. Interpolating gauges are introduced by 
considering gauge functional that depend on one or more parameters. We shall, therefore, consider the Faddeev- 
Popov effective action [FPEA] with a local gauge function F[A(a;);a] which may depend on several parameters, 
collectively denoted by a . We denote this FPEA by Seff[A, c,c; a] which is given by 



with 



Seff[A, c, c; a] = So[A] + Sgf[A] a] + Sgh[A, c, c; a] (4) 
Sgf[A;a]=-^J d-'xPlA^af (5) 



.dS 



with 



and 



S9h = ~ j d^xd^ylf'{x)M^^[x,y-A-a]c^{y) (6) 
j d'yM'^^[x,y;A-a]c^y) = J d'y ^J:^^ Df [Aiy)]c^ (y) (7) 
Df[A]=S''f'd,+gr''-'Al (8) 



Here, /"^t are the antisymmetric structure constants of a semi-simple gauge group. 
Seff[A,c,c;a] is invariant under the BRS transformations : 

SA"ix) =Df[Aix)]c''ix)SA 



(5c" (x) = -yf°'l^^cf^{x)c^{x) SA 
Sc"{x) = F[A{x);a]SA (9) 



*The ghost action is always arbitrary upto a constant and, in particular, an overall sign. The following is a convention we make. 
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In this work, we shall, in particular, utiHze the example of the interpolating gauge used by Doust to interpolate 
between the Feynman and the Coulomb gauge. This example proves to be simple enough and yet bring out several 
problems associated with these techniques, some of which were demonstrated in |^. It has (as a special case of 
his) 

F[A,e] = [ed"Ao-]:d,A^] (10) 

a 

We shall now summarize the results of jH). In this work we considered the interpolating gauges, as for example 
those with an F given by (|o|), together with a conventional e-term viz. 



le I d\[-A^A^' -cc] (11) 



[or a suitable modification that does not change signs of terms in (yjj)] and discussed whether such a formulation 
can really interpolate in a gauge-invariant way. For this purpose, we considered the vacuum expectation value of 
a gauge invariant operator 0[A\: 

< 0[A] 11411^ (12) 



<< 1 >> 



with 



<< 0[A] >>L^ = J D(j) 0[A] exp{iSo[A] ^^J d'^xFlAix), ao]^ + 

iSgh[A,c,c;ao]+ J d*xe[^A^ -cc]} (13) 

We then considered the question as to whether the above expression will necessarily imply the independence of the 
expectation value with the parameter a. To see if this is so, we considered a field transformation of a infinitesimal 
field-dependent BRS [IFBRS]-type (see e.g.||^; these are also spelt out in section 10) that leads to 

« 0[A] >>L^ = j D(t) 0[A] exp{iSQ[A] d'*xF[A(a;), ao - Saf + 

iSgh[A,c,c;ao- Sa]+ J d'^xel^A'^ -cc] + eSR} (14) 

We now note that the right hand side has an efi^ective action evaluated at the parameter ao — Sa; but at the same 
time the e-term has now changed it to 

J d^xe[^A^ -cc]=^ J d^xe[^A^ - cc] + e6R (15) 



with 

5R = -ei j d^zc^ J d'^x[d.A - F[A, a]c]Sa (16) 

The efi^ect of this term on the free propagator was then considered in the context of the gauges of ( [l0| ) and next 
it was found that this term, rather than having an infinitesimal effect on the propagator, in fact alters completely 
the pole structure of the propagator for Sa » e^. We then concluded that the small variation in e-term with 6 
has a catastrophic effect: it the gauge boson propagator structure from the causal one to a mixed one even for a 
small change 69. We further demonstrated that there was no modification of the e-term that would allow us an 
escape in this gauge. We however found no such effect from the e-term for the set of Lorentz gauges as the gauge 
parameter A is varied: the pole structure of the propagator does not alter by such a term. This was verified for 
the unbroken gauge theory. 

'See the earlier footnote regarding this qualitative characterization. 
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3 Need for Caution in Field Theory Path-integrals 



3.1 The origin of need for caution 

The path-integrals as used in perturbative quantum field theory are perturbations over infinite dimensional 
Gaussian integrals. To begin with let us consider a simple one- variable Gaussian integral: 

J dx exp{iax^ — ex^} (17) 

(18) 



with 'a' real which, for e> 0, as we know is 



For e sufficiently small, we can expand this as 



y^—iTr{a — ie) 



' =(1 + S (19) 



\/—iTTa 2a 



which holds provided e < a and may even ignore the e-term in (19). We normally take for granted such approxi- 
mations. In field theory, we may come upon situations where a may be very small compared to e (or may even 
vanish) and there an approximation of this kind may break down^. Moreover, there are situations where there 
may be no escape. 

3.2 A Field Theory Example 

Just to illustrate the above point in the context of a simple field theory first, in a somewhat exaggerated fashion, 
we begin with a trivial observation in the context of the -theory in the path-integral formulation. We consider 
the generating functional Wc[J] for the Green's functions in the Minkowski space: 

Wc[J] = J D(t)exp{iSo[(t)]- e J d'^xcj? /2} (20) 

where the suffix 'c' stands for the fact that Wc[J] generates the causal Green's functions as ensured by the correct 
e-term. We may re-express: 

Wc[J] = j D(/)cxp{iS'oH +£ j rf*a;0V2-2£ j d'^x^'^ I2\ (21) 
We may, then, beheve that the exponential exp{— e / d^X(^} can be expanded in powers of the "small" exponent 

W^\J\ = J D(j)exp{iSo[(t)]+e J d'^x(j)^/2}[l-e J d'^xcl)^ + ] (22) 

= Wa.c.[J] - J D(t)exp{iSo[(t)] +e J d^x(j)^/2}e J d^xcj)^ + ...] (23) 

where the suffix a.c. refers to "anti-causal"^ Green's functions. 

To see if such a procedure is always a valid one, we consider the above relation in the tree approximation 
where everything is expected to be well-defined. We may then naively expect the second and higher terms in ( p3| ) 
to vanish as e^O. We would then obtain an absurd conclusion 



^At this point, it may be argued that a field theory can be formulated in the Euclidean space where no epsilon term is requied. 
We shall discuss this question in section 8 in further details. 

''Here, we ignore the possible subtleties that could be introduced by ultraviolet divergences. We could for example stick to tree 
level. 

*We shall refer to the Green's functions with e ^ — e as the "anti-causal" Green's functions. 
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The above relation, in particular, implies for the propagator 

Dc{x - y) = Dac{x - y) (25) 

which is incorrect since, for example, for xq > yo, the former propagates +ve frequency modes and the latter the 
negative frequency modes. 

The above example brings out the fact that such an exponential, with an exponent "small" in appearance, 
may not always be amenable to an expansion. This happens, essentially because, the quadratic form in the path 
integral goes over field configurations for which the "main term" may in fact be small compared to the "small 
term"; a situation very similar to Eq. ( p^ being used under the wrong conditions a < e. 

To locate the mathematical error in the above argument in an alternate manner, consider the 2-point function 
in the tree approximation generated by Wc[J] of Eq. (p3|). In momentum space, it reads. 



1 _ 1 

fc2 — + ie fc2 — rn^ — ie + 2ie 

- ^ + ^ + (26) 

fc2 — — ie k"^ — m? — ie k'^ — m? — ie 

The equation ( p^ in the present context corresponds to this expansion. We immediately recognize that the above 
Taylor expansion holds only if |2ie| <\k'^ — m? — ie\. Thus, the above procedure is not valid for a 4-dimensional 
volume in the /c— space ~ ex R'^. 

Now the pertinent question is whether there is any place in field theoretic calculations where such approxi- 
mations are actually made and whether there are cases where such points of mathematical rigor have to be paid 
attention to. 

We shall show, in section 6, that while considering the gauge-parameter variation of Green's functions in the 
interpolating gauges, we may have to pay special attention to this point. There, we shall point out examples 
where an infinitesimal change in a parameter leads to a disproportionate change in a Green's function. In section 
10, we shall also discuss the role of e-terms (ei?) in the WT-identities. We had emphasized in Ref. |^ that such 
terms may have to be paid special attention to and we may not ignore effects arising from them when a gauge 
parameter is varied \eR e{R + SR)]. The effect was, in fact, such as to alter the boundary condition on the 
propagator. We shall find that we may not be able to treat the exponents of a term of (ei?) as amenable to 
expansion. 

We know several cases where the propagator denominators depend on a parameter. For example, the gauge 
propagator in the R^ -gauges has the form: 

_ k^K (-1 _ l^ 

= k2 ™ M2 + te 

and the associated ghost and the unphysical scalar fields have a similar ^-dependence in the denominator. Similarly 
[a form of| an interpolating gauge that interpolates between the Coulomb and the Feynman gauge used by Doust 
Jl^ has the propagator for (0,0) component 

with a similar dependence in the spatial components. It is expected that the various other interpolating schemes 
[T^ will also have propagator denominators depending on interpolating parameters in such sensitive a manner. 
A typical Feynman diagram, in the context of the above example (28), depends on 6 through such propagators. 

While considering the parameter variation of a Feynman diagram with the gauge parameter 6, we are in effect 

expanding each propagator in a Taylor series around 9o in a series such as 



'00 



le 



^0 '''0 



le 



le 



-2eoS9k^ 
elkl - |k|2 + ie 



(29) 
(30) 
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and picking the second term on the right side to compute the 9- variation. We, however, note that this Taylor 
series is valid only if 

I^^M^Kl (31) 

We, thus, note several points: 

[a] We have to be careful while using the above Taylor series (or a procedure equivalent to it) in formal 
manipulations since it may not always hold for arbitrary 59; 

[b] For 59 sufEciently large [with some small fixed e] , the above condition (^l|) is not valid for a 4-dimensional 
volume '--^ (56' X R'^ in the /c-space. 

[c] For a fixed e > 0, and a finite fcg , there is a nonzero range of 59 for which the above condition is necessarily 
fulfilled. Nonetheless, this range ^ , as 0. Recall that to evaluate the S-matrix elements, we always take 
the limit 0. 

[d] We note in passing that in the 4-dimensional subspace: ^^fcQ-jkpciO, the above ratio in Eq. is ~ 
And this is precisely the parameter on which an unexpected dependence was found [|| in the discussion of the 
gauge variation of a path-integral in this sort of an interpolating gauge. We also note that for such a k, the radius 
of convergence of the series (|o|) is ~ ^ . This is a simple and clear illustration of how the two independent small 
parameters 59 and e become entangled! 

[e] The naive expectation that e is just a spectator in the entire discussions of WT-identities and of gauge- 
independence in gauge field theories and it need not be paid special attention to does not always seem valid. 
According to the results of |||], this is the case, probably only for the class of the Lorentz gauges. 

[f| The point [c] above suggests the possibility that there could arise a difficulty in the definition of a derivative 
with respect to 9 in loop integrals as e ^ and that the behavior of loop integrals could possibly depend on the 
orders of ^ and the limits e— >0. We shall confirm these suspicions in Sections 4 and 6. 

At this point, one may wonder whether working with a Wick-rotated Euclidean field theory will not rid us of 
all such problems as then e would be redundant. We shall clarify this point in the Section 8. It turns out that 
this is not always possible. 

4 Direct analysis of nondifferentiability of a generating functional 

The purpose of this section is to make clear, in a direct fashion, the difficulty in defining the partial derivative 
of a generating functional [see e.g. eq. (|33|) below] with respect a parameter a, on which it depends, when 
the dependence on a is such that a propagator denominator depends sensitively on it in some domain in the 
momentum space. As expected from the previous section, this happens when the propagator singularities depend 
on a. 

We shall find it useful to illustrate the point by considering an artificial but a simple model that captures, 
in a direct manner, the essential point made in the previous section. Rather than get into complications of a 
generating functional of a gauge theory in the beginning itself, we shall consider a scalar field theory with a 
specific (but noncovariant j kinetic energy term. The generating functional of Green's functions is given by 

W[J,a] = ^J^Q W[J,a,e] (32) 

= J'^^^ jD(j)exp{iJd^x[^(t)iadl-V^-m^ + ie)(l)+^(t>^]+iJd'^xJ(j)}-a>0 (33) 

We thus note that to compute , we must first evaluate 

{W[J,a + 5a,e]-W[J,a,e]} (34) 



£ -> 



which requires the evaluation of 



hm^ I D(l)exp{i J d'^x[^(l>{ad^ - - + ie)0 + ^cj,^] + i J d^xJcf)} • (^exp[i5a J d'^x<j>d^4)] - 1^ (35) 
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We wish to pose the following question: can one, for any small enough 6a, and irrespective of e, expand the 
exponential, within the path integral, as 

exp[i6a [ d^x(j)d^(f>] w 1 + 0[Sa] (36) 



To see this, we first consider the bare two point function of the expression (pS]), in the momentum space: 

1 1 



(37) 



{a + da)kQ — |kp — + ie ak^ — |kp — rn^ + ie 
We note that we can generally Taylor expand the first term as 

1 1 -6ak^ 

afcg — |kp — + ie ak^ ~ |kp — + ie afcp — |kp — + ie 

provided \akQ — |kp ~ rn^ + ie\ > ISakg]. We now recall the discussion in the previous section and note that, 
evidently, the magnitude of e comes into play in being able to carry out the expansion when k is such that 
afc2 - |k|2 - m2 ~ 0! 

Now, the fact that the Taylor expansion of ^3^ ) fails as in a suhspace does seem to have an effect in a 
one-loop diagram. To illustrate this effect, we wish to consider an s— channel]^ diagram for the process (j)cj) (j)(j) 
in the one loop approximation. This process involves the integrap] 

(a/cQ — |kp — m? + ie)[a{k + p)^ — |k + pp — to^ + ie] 
We shall find it convenient to relate this to the "fish diagram" in the usual covariant -theory [^Sj. We define, 

P^, = {^Po.v)\ fc^ = (Vafco,k) (40) 

so that, we have 

I{p, m, a, e) = —j=F{p', m, e) (41) 

a4 



I{p,m,a,e)^i / —^^ ^2 , .-^^^YL , 11, , „i2 ^2 , .^1 (39) 



where F stands for the "fish diagram" amplitude in the (/) -theory: 



F{j), m,e) = i J 



|kp -171^+ ie)[{k + p)l - |k + pp 



(42) 



Now, we know how this is evaluated and know the analytic properties of the amplitude as seen from any 
text-book mi . 

We define s — p^ and s' — p'^. F can be looked upon as a function of a complex variable s — p^. The analytic 
properties of F{p, m, e) on the real-s axis depend on whether s > 4m^ or s < 4m^. Thus, the analytic properties 
of I{p, m, a, e) will depend on whether s' — apQ — |pp > 4m^ or s' < Am? . For s' < Am? , we can perform a Wick 
rotation and evaluate the integral, by say, a cutoff method]^ The result is [ here, A is a real constant]: 

I{p, m,a,e)^ /o In \rn^~.(i-.)s'-re] (43) 

^ -^A/q rfxln l--'--(^—)(.^fo-\p\')-^^] (44) 

Now for 3fJes' < 4m^, this quantity is analytic, and it has a branch-cut from s' — Am^ along the real s' axis 
[actually, slightly below the real axis]. We, now, will drop the real term ~ InA^ and focus attention on the finite 
part -^I'ij), m, a, e). We note that the logarithm has a phase varying from -tt to tt . We then have, 

1 

r{p,m,a,e) = / dx- ln{[TO^ - x(l - x)(apo - IpP)]^ + e^} 

.In 2 



dx[-TTi + i arctan{ — — 5 ^~^2^ 2 (^5) 

x{l - x)[apf^ - \\)Y) - m^ 

^We shall be interested later in the imaginary part of the amplitude. Only the s-channel diagram can have this imaginary part 
for the physical amplitude. 

^"This work involves noncovariant formulations. Thus several results will necessarily be explicitly Lorentz frame dependent. 
^^Later, we shall be focussing on the imaginary part, which is finite. Hence the details of regularization does not matter. 
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Here, we have chosen the range of arctan as [0,7r) for our convenience. [Note that this definition differs from the 
principal branch arctan]. We note, in particular that 



lim 



Imr{p,m,a,e) ^ [ dx{-nie[B]} = -niAx (46) 

with 9[B] as the step function and 

B = x{l- x)(apl - IpP) - ^ x{\ - x)s' - (47) 

and Aa; is the interval over which B > Q. Now, for the s-channel process (jxf) we evaluate the expression of 

in the one loop approximation. We, then, have for the difference. 



^ f lim r// c \ I'iiT^ ti f \ 

I e^O (c^ + TO, e) — (q;;Pj"^7^) 

= /TO |n.(p2 _ m^)FT-^ ^'^^ « exp[z<5a j d^x<j,dlcf\ - 1 »L,.„| (48) 

where, ^jyis a brief way to express the act of extracting the 4-point function, FT stands for the Fourier transform. 
We now choose a=aQ such that s' = 4TO^and choose a (ao + Sa) such that s' > Am?. We now take the imaginary 
part of both sides. We note: 

(i) V{ao+Sa) has a nonzero imaginary part as e^O. 



(ii)r( 

m is 



'(ttQ ) has no imaginary part as e^O. Here, Uq stands for the limit from left a ^ ao. This is so since B 
of (|47| ) is necessarily negative for a < ao. 



(iii)The difference of the imaginary parts is not proportional to 6a; a simple calculation shows that for small 
da, it is proportional to VSa- To see this, we note that with a — ao + Sa, s' ~ 4m^ + 6apo ; and for x ^ ^ 



B = —4:m {x — ^) +x{l~x)5apQ ~ —Am (Ax) + jdap^ and thus, B > over a range if viz. 2Ax ^ VSa. 
(iv) On account of (iii) , the difference of the imaginary parts cannot be understood as 

ImU^ipj - m^)FT^ ^^^^ « [z<5a J d'x<j,dl4>] »|..o (49) 



which is proportional to 5a. 

(v)In fact, a simple analysis will reveal that 



- J'^Q « [^Sa j d'x^d^] »\ ,^^,_- (50) 



does not have an imaginary part. This is seen as follows: The expression ( pOj) is understood as being proportional 
to 5a-g^ ^«TO j{jp^ifn,a,e) \ _ which is real, 
(vi) We further note that as a result of (iii), 

d lim . 
- ^_^^I{a,p,m,e) 

is ill-defined at this value of a. We shall discuss this in much more detail in section 6 where we will employ 
discussion carried out in this section in the context of a gauge field theory 1-loop calculation. 

Finally, we add a comment on whether we could avoid such problems if we do the field theory keeping e small 
but nonzero. We then note that derivative of / with a will exist, and so will the Taylor series of I around a = ao. 
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But now the derivative will be a very large number ^ oo as e ^ 0; and the radius of convergence of the Taylor 
expansion will be very small. So we may not calculate, by a Taylor expansion, the value of /(ao + Sa) from that 
for /(ao) if "(5a >> e" . Moreover, we should note that the limit e ^ is required for a physical (unitary) theory 
because even in a A0*-theory with L' ~ L + iecfP' , a Hermitian Hamiltonian ( and a unitary S-matrix) is obtained 
only as e ^ 0. 

We also note the reason we consider this question at all. In a gauge field theory, we derive the WT-identity 
for gauge variation, we need to confirm whether such variations will be infinitesimal of first order always. We shall 
find that this is not always so in the interpolating gauges and we find some unexpected results from it in sections 
9-10. 



5 Delicate limits in the discussion of gauge-independence 

In the previous sections, we noted places in Quantum field theory calculations where care may me needed. We 
wish now to note down the procedure that we normally follow for establishing the WT-identity used in evaluating 
gauge variation of Green's functions. We do this with a view to see if any of the steps could fail in gauges such 
those under consideration. We shall then discuss several points regarding the derivation in Sections 6-11. 

We consider the generating functional of the unrenormaHzed connected Green's functions Z[J, 9, e] . We obtain 
the (renormahzed) S-matrix elements from it by the operation 9: defined as a succession of the following: 

S{p.,0)^eZ[J,9,e]^ Sip.,0,e) (51) 

6= n 2 1 ■ (pj - TOj ze) — -i^F .T .\-———\ (52) 

where the n*^ order functional derivative acting on Z[J, 6,£\ai J — is written as [^jl^] for brevity; F.T. stands 
for the Fourier transform; Zi{9ys stand for the mass-shell renormaHzation constants and (j)i{pi) is the physical 
wavefunction]^. The gauge independence of S{pi,d,e) is expressed by the requirement 

^S{p.,e)^^ ^'^Q Sip.,e,e) = (53) 

It is to be particularly noted that the order of the limit (e^ 0) and differentiation ^ is as follows: ^ J^^Q 

We shall, now, recapitulate how one actually obtains the gauge-dependence of the on-shell physical Green's 
functions in practice: 

(a) We start from Z[J, 6, e] and evaluate ^2'[J, 6, e] for a fixed e. 

(b) We then use the WT identities to simplify the quantity under question |^. 

(c) We find the part of this that contributes to the on-shell physical Green's functions. In other words, we 
evaluate 

r^^V\TO ^ TT ^ 2 2 , ■ s 9 (|),(J)^) 6" i r ^ i .k.n 

^TTTT^U'i £ = n 2 2 ■ i^UiPi ~ + 16) — — t' .1 .\————\Z \J , , e\ (54) 

We wish to note several points in the above derivation: 

[1] We first assume that the limit e— s-0 and the differentiation ^ can be interchanged. 
[2] We evaluate then ^^gg^''^^ by 



We note the somewhat unconventional appearance of truncation factor (p? — m? -|- ie) and the on-shell limit p? — » m? — is. Before 
we let £ ^ 0, we have to do this to correctly truncate the external line propagators. Also, in the discussion of gauge-independence, we 
need to remove any pole-less contributions to the -§gG\ and these are then correctly removed by the above on-shell limit pf nvr — ie. 
The parameter e is let go to zero only in the end. 
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dW[J,6,e\ _ d 



J D(l)exp (^iSeff[(l),e]+i J cf^xJcf^ (55) 



. In doing so, it is being tacitly assumed that this derivative always exists even as e 0. We have already seen 
a counter-example]^ in Sec.4 and we shall examine this question in Section 6 further. 
[3] Equivalently, the derivative is evaluated by the assumption that 

d_ 

m 

can be evaluated by expressing it as 



Dcf) exp iSef f[(t),0\+i / (fx J 4) (56) 



i J D(l)^Seff[c^, e] exp (^iSeff[(p, 9]+iJ d^xJci^ (57) 



In this we make an assumption that 
D(j)exp ^S, 
can always be written as 



J d^xJct^ {eMiSeff['^,0 ^ 59]) ~ eM^SefMO])} (58) 



D(j)-^Seff[<j),e]5eexx^ (^s,ff[(j),e] + i J d^jcyj (59) 

even as e ^ 0. In this connection, we draw attention to the example in the section 4. 

[4] In writing down the WT-identities, we do not keep track of the contribution to it from the e-term. We 
recall that recently, we have noted that |Q a careful attention to the e-term has to be given in the case of gauges 
other than the Lorentz gauges. 

[5] We then simplify the resultant expression by the use of the WT-identities. We then pick out the part of 
this that contributes to the truncated physical Green's functions. 

We shall analyze these points in detail in the next section. 



6 An Explicit Example 

In this section, we shall make a number of obervations that have a potential bearing on the derivation of WT 
identities for evaluating gauge-dependence of Green's functions. 

We start with the example of the gauge theory in an interpolating gauge of Eq. ( p^ so defined as to interpolate 
between the Feynman and the Coulomb gauge jl^. For simplicity, we shall first focus our attention on a particular 
integralpl that appears in a contribution to the 4-point function (of gluons) in the one loop approximation. It 
appears in the one loop diagram with two 4-point vertices and 2 Aq internal Hnes^. The integral reads 

(^2fc2 _ |k|2 + j^)[02(fc + p)2 _ |k + p|2 + (60) 



To correlate the above integral with with that of Section 4 [See eq. (]^], we shall find it convenient to rather 
consider an integral with a mass included]^ We consider, 

/d'^k 
(02fc2 - |kp -m^+ leWjk + p)l - |k + pP - m2 + ie] ^^^^ 



i^At this point, it may be thought that it is not important whether the derivative ^exists at a point 9o; it is only required that 
J ^d9 exists over a small interval covering do- After all, we may make ^ finite by keeping e finite till end (or possibly by using 
suitable wavepackets for external lines: see section f 1). But this does not evade the problem in section fO about the contribution of 
the e-term. We find the language of "non-differentiability" as the best way to exhibit the problem. 

^■^It is of course true that very often the total amplitude in a gauge theory has properties different from a specific piece of it; this 
being due to cancellations of terms. 

^^We are focussing attention on a part of the contribution due to time-like gluons. 

^^We could regard this as an infrared regularization of the amplitude in question. We shall, however, eventually focus on the 
imaginary part of feol) and this is infrared finite here. 
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We shall then explicitly demonstrate that, in the physical region, i.e. for > 4m^, there exists a value of 9 viz. 
^oS[0,l] such that at this point 

(a) The derivative ^ £^*"^o ^^P^^^^^^^ does not exist: i.e. 

(b) What is worse is that the imaginary part of the left hand side vanishes at this point, whereas the imaginary 
part of the right hand side — > infinity. Thus, this quantity has infinite discontinuity. 

(c) Moreover, we find that 

Izin d d ItTTi 

where the first term on the left hand side is evaluated for the both hmits 9 ^9q ■ 

To see these results, we shall find it convenient to make use of the earlier discussion in Section 3. We find 
from (El 



I{p,'m,9,e) ^ — / c?xln 
^ Jo 



[m^ - x{l ~ x){9^pI - \p\^) - le] 
A2 



(63) 



We are presently interested in discussing the evaluation of the 0-derivative and also as to what happens in the 
two different orders of the limit and the derivative. So we will drop the term ~ In and focus attention on the 
finite part "jl'ip, m, 9, e). We note that the logarithm has a phase varying from -n to tt for 3fJes' > Am^. We then 
have, using 



I'{p,m,9,e) = dx^\n{[m^-x{l-x)i9^pl~\p\^)]'+e'} 

+ / da;[-7ri + jarctan{— I — --^ ^}\ (64) 

7o x{\- x){9^VQ-\w)~m^ 

We shall now focus attention on the imaginary part of /'. We have, 

1ml' — / da;{— TT + arctan — } (65) 
h ^ 

where, as defined in Section 4, 

B(a, 9,p) = [-m^ + x{l - x){9'^pl - \p\'^)] = \-w? + x{\ ~ x)s'] (66) 

Now, 

e^To " " /" dx^Q{B) (67) 



We, thus, find 



We note 



with y = a; — i ; and 



l:-,I^r.-.[dxm% (68) 



6{B) = 6{-y^s' + {\s' - m')) = -^Siy' - a') 
4 \s'\ 



2 



s' — 4m2 Vs' — 4m2 



(69) 



(70) 



4s' ' 2V7 

For s' < 4to2, < and the (5-function does not contribute to the integrand. For s' > 4™^, we use 

S{y^-a')^^{S{y-a)+d{y + a)} (71) 
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and 

R = [ 



B = {]- y^)s' - (72) 



to find 

^ImI' = -nl\x5iB)^ = ^^^ J dyi^ - y^){Siy ~ a) + S{y + a)} (74) 

We thus find that as 9 ^ Oq, where s'[6o\ = 4m^, a ^ and 

lim d lim ^ w 

On the other hand, 

lim d lim ^ ti n 
9^9^ a^e^O^"^^ =« (77) 

Thus, the imaginary part of /' is not diflFerentiable at 6* = -Furthermore, we note that for a given e > 0, 

9+ 89 ~ 9^9^ 89 



'imr- ,'\Z-lj-^n-0 (78) 



with each given by 



lim 8 , lim 8 , , , £ 9B 



Thus, 

lim 8 ^ ^, lim 8 



e^^\9^9t 89'"^'' -9^9^ 89'^'''] = « (««) 

Finally, we shall give the treatment for m^ = exactly, which diflers somewhat from the above. In this case, 
B of ( |66|) becomes, 

B{a, 9,p) = xil - x){9^pI - |p|^) = a;(l - a;)s' (81) 

and thus mel) is modified to. 



lim 
e ^ 



/mJ' = [ dxne{s') 
Jo 



-7Te{9'pl-\p\')^ -7:0(9-^) (82) 

Po 



and thus, (|75|) is modified to (note: we assume < 9 < 1), 



8 lim ^ ^1 IpL ,„„, 

89 e^o'^' («3) 
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7 Extension to a Green's function 



In view of the fact that we have considered only a part of a contribution to one of the diagrams for the 4-point 
function, to illustrate the point, one might immediately suspect that the problem could disappear in the entire 
contribution to the S-matrix element. We note first that WT-identities for gauge variations are equations written 
down for Green's functions and not just the S-matrix elements. Moreover, what we wish to drive at at the moment 
is that the path-integral itself is not a difjerentiahle function of 9 as a result of the problems mentioned in the past 
sections [ for a further elaboration, please see section 11.1]. For this purpose, it proves sufficient if the problem 
with differentiability persists at least at the level of Green's functions, even if it were to vanish from S-matrix 
elements from possible mutual cancellations between diagrams. In this section, we wish to make several remarks 
in this connection. 

We first show, in an obvious way, that this problem with differentiabilty persists for a contribution to an 
off-shell Green's function of the type considered earher in section 6. An inspection of the diagrams contributing 
to the Green's functions will then make it seem extremely unlikely that at the level of off-shell Green's functions 
there could persist a cancellation; even if there were one for S-matrix elements. [We have verified this point for 
the simpler example outlined in the Appendix A]. 

To see this, we recall that this diagram depends only on s' = 9^Pq — |pp and not on individual 4- momenta 
Pi,P2and ps. We could thus choose any off -shell piand p2 consistent with the condition that s is real with s > Arn^ 
and 00 is such that s' — 9qp1 — |pp — Am'^. Then for all such off-shell choices of piand p2, the above problem 
with the differentiability will persist for this contribution. 

In appendix A, we shall consider the example of a scalar QED and consider the off-shell 1-loop Green's function 
for the process (fxp (jxj). We have verified that the imaginary part of such a process [with some further restrictions 
on momenta, spelt out in the appendix] does have a discontinuous behaviour on account of the threshold due to 
unphysical photons and moreover the threshold for these does depends on 9. These are the essential ingredients 
that lead to non-differentiabilty.] 

8 A Close Analysis of the Example in Section 6 

In this section, we shall qualitatively try to understand why the derivative with respect to 9 does not exist at 

some point and why the order of differentiation ^ and the limit q makes a significant difference there. We 

can understand this with the help of a close look at the analyticity properties of the integral I' (p, m, 9, e) in the 
Section 6. We recall 



The analyticity properties of the integrand above, for a given p depend upon x and 9. For a real s = p^ < Am? 
and a 9 €[0,1], s' = p'"^ < Arr? also; and hence for all x G[0,1] and all 9 S[0,1], the integrand is analytic even 
as £ 0. A small [enough] variation of 9 will not alter these facts and hence there is no problem occurring in 
the order of Hmits 89^ and e — > in this unphysical region. (Besides, in the unphysical region, the entire 
calculation can be done in the Euclidean field theory which would not need e). 

We shall, of course, be interested in this issue in the physical region s — p^ > Am? . For a given s > Am^ , there 
is a range oi 9 € [0, 1], such that there s' > Am^ and a range oi x € [0, 1] exists for which the integrand is close 
to the branch-point. Also, for any 9 G [0, 1] , s' > Am^ for all s greater than a certain lower hound ( See section 
11 for more details). Thus, this issue of analytic properties cannot be avoided for any physical region if one is to 
interpolate between the Feynman and the Coulomb gauge. 

Next, we note that for a fixed p, the variables s'and 9 are related: a small variation in 9 induces a small 
variation in s' which is the variable relevant to the analytic properties of the integrand. Thus, for example, we 
choose a value oi 9 — 9^ such that s' is sHghtly smaller than 4m^, then for a range of x e[0, 1] this point is very 
close to the branch-point of the integrand in the complex s'-plane. Then the Taylor expansion of the integrand 
in 6* — 00 is then valid only with a small radius of convergence that is directly dependent [proportional] to e! In 
fact, (jsj) will show that the entire integral cannot be expanded in such a Taylor series except for smallf^ enough 

^'^We note that if we took any 9 > 9o , the integrand is close to the branch-cut for a range of x. It may appear that the integral 
should then be problematic for all such 9 and not just for 6 = 9q. This is not the case, at least in this example. We thus end up with 




(84) 
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We thus see that the fact that the loop-integrand could not be Taylor expanded for a large enough {9 — do) in 
a part of the 4-dimensional space has, in fact, a reflection on the entire integral. This was anticipated in Section 
3. 

The above demonstration now shows why the order of the two limits discussed earlier matters near = Oq. If 
we were to keep e fixed then there is a small enough radius {9 — 6o) for which the Taylor expansion holds and the 
limit {9 — 9o)^ can in fact be taken. This procedure can give ultimately 

On the other hand, if we are to let e— > first, then the radius of convergence of the Taylor expansion in 6 

itself shrinks to zero and we cannot know how to obtain ^ J^—^Q -^(P*'^'^) differentiation of the integrand 

and subsequent use of the WT identities. Evaluation of the gauge dependence requires us to evaluate the latter 
object. 

We shall now comment on the treatment of the field theory using the Wick rotation. It may be thought that 
the troubles in section 4 and 6 are artificial because after all we could carry out the Wick rotation in ( |39| ) and 
( ]60|) and thus go to the Euclidean field theory that does not require e. Thus, it may be argued that the problems 
that depend on the limits involving e and those that depend on the size of e should be artificial. Now, the field 
theory of Section 4 and that used in Section 6 are in fact well behaved with respect to the operation ^ in the 
unphysical region. To see, how the problem could arise in the physical region, we recall the fact that /' is a 
function of s' = O'^p^ — |pp and it has a branch point at s' = 4m^. Of course, for 3?es' < Am'^, the function is 
analytic function of s' and therefore a differentiable function of 9 ( with fixed). But, as e^O, the derivative 
with respect to s' and hence with respect to 9 [for a fixed p^] cannot exist at the branch point. Thus, the fact 
that the generating functional appears (formally) differentiable in 9 in the Euclidean region is no mystery ; but 
by no means guarantees good behavior everywhere in the physical region and that is where we are interested in 
the gauge-independence issue. 



9 Relation between the altered propagator structure in [5] and present 
results 

In reference ||^, we had discussed the gauges interpolating between the Coulomb and the Feynman gauge with 
a simple e-term. We had noted some unusual features of what happens when the interpolating parameter 9, 
in the gauge interpolating between the Coulomb and the Feynman gauge, is varied. We had shown that it 
was important to pay particular attention to the e-term in the discussion of the gauge-independence. We had 
considered how the e-term should be modified with 9 if we are to keep the vacuum expectation value of a gauge- 
invariant operator unchanged. We had further shown that as a result of this modification in the e-term, the free 
propagator undergoes a radical change in form as the parameter 9 is varied through^ a S9>> e. We had argued, 
in fact, from this observation that such interpolating gauges that assume any standard (fixed) e-term cannot 
preserve gauge-independence as 9 is varied and thus do not interpolate correctly between the Feynman and the 
Coulomb gauge; while on the other hand trying to modify the e-term as required for gauge-independence leads 
to pathological behavior in the path-integral. 

In this section, we shall make a contact between the concrete results obtained in this work in Sec. 6 and this 
result obtained earlier in 

We shall establish a simple result to begin with. We shall then relate it to the question of the variation of the 
4-point function with respect to 9 discussed in section 6. It reads 



J'^^ l'i9,CC)= J'^Q l'{9,^[C + A]^[C + A])-7:zl\xe[B] (85) 



just one troublesome point for this diagram that however varies with Lorentz frame ( for this, see section 11). 



1) 



The relation 
dimensions. See 



3tween 58 and e given here is a abbreviated way of expressing the condition between these two quantities of different 
1 for the exact condition. 
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Here we have defined, in all cases employed below, 

1(6) = jl' (86) 

and further I{0,^[C + A]^[C + A]) refers to the (truncated) fish-diagram amplitude obtained by taking the 
propagator as ^(C+A) in place of C. Here, C refers to the causal propagator and A to the "anti-causal" propagator 



(anti-causal means the one with ie —ie in C ). The above relation, as we shall later see from Eq. ( |93|) , represents 
in a different manner, the rapid effect of variation with respect to 6 (i.e. ^ |^_^^ cx) ) which is represented by a 

replacement of the propagator "C" by "^(C + A)" . 

To prove this result, we consider the fish amplitude / with propagators ^{C + A). We define respectively 
I{9, CC), I{9, CA) as the amplitude in question with both the propagators taken as causal, and with one causal 
and one anti-causal . Then 

I'{e,CA)^I'{e,AC) (87) 

and 

I'[e,-{C + A)]^{C + A)]^-{I'[e,CC]+I'[e,AA] + 21' [0, CA] } (88) 



We can then show that as e-^ 0, 

Um 



P {r[e,AA]- r[0,CC]) ^2Tri J dxQ[B] (89) 



^'"^ ii'[e,cA]- i'[e,cc]) ^ni [ dxe[B] (90) 

The relation ( p9| ) is understood easily: as one goes from the /'[6', AA] to I'[6,CC] by a change e — e and one 
picks up the discontinuity across the branch-cut given by 27ri dxe[B]. Thus, we then have as e—^ 0, 



Um^ /'[0,i(C + A)i(C + A)]= J'^^ I'[e,CC]+mj\xe[B] (91) 



We shall now apply this to the amplitude of (pSj). Let 0o be such that 

s' = elvl - |p|2 = 4™^ 

We shall let 9 = Oq + 56. We shall assume that 69 >> e. To understand the significance of the above result of 
Eq. (|9l]), in the present context, we compare it with the result that expresses the discontinuous behavior of / at 
9 — 9q. It reads. 

Urn lim '"^ 



^ _^ Q I' {9, CC) = ^ '^^QI^] + "^I*^^] (92) 

A comparison of Equations ( ^ and ( Jo^ ) shows that as e-^ 0, 

^^^Q /'(0o,CC)^ ^';^^I'[9,]^{C + A)\{C + A)]+0[59] (93) 

The above equation is an alternate way of representing the nonsmooth behavior of /: As 9 is varied from to 

ItTTl ItTTl 

9o + 69, 1 varies drastically so that the disproportionate change in /' viz. { ^ ^ q I'i9, CC) — ^ _^ q -^'(^o, CC)} 

is alternately expressed as that represented by a drastic change in the propagator structure from C ^ ^[C + A]. 
Then the two quantities I{9o, CC) and I[9, ^{C + A) ^{C + A)] , evaluated with different propagators for neighboring 
6''s, differ only by a term of 0[(56']. 

This conclusion can be understood well in the light of the work of reference ||^. There it was found that when 
9 ^ 9 + 69 and the corresponding the gauge variation of the e-term is also taken into account, the propagator 
changed from C ^ ^[C + A] provided 69 >> e. The above conclusion (93) is a refiection of this. Normally, the 
WT-identities are taken to imply that under 9^9 + 69, the corresponding change in a Green's function is an 
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infinitesimal of 0{59). The above example explicitly shows that that need not be so, and the Eq. ( p^ further 
shows that a non-trivial change in the Green's function can be correlated to the change in the e-term arrived 
at in Only after this "large" change has been removed, then the residue is of 0{59). We shall have more 
to say about this in the next section where we will compare the result (^3|) with that of the carefully evaluated 
WT-identity. 

10 Expansion of an exponential with an "infinitesimal" exponent 

In this section, we shall establish a further contact of the results in the earlier sections with the work of reference 
1^. In reference |^, we had established several new observations in the context of the interpolating gauges such 
as those considered in earlier sections. The ones relevant here are: 

(a) In the treatment of gauge variation, it was necessary to take into account the e-term carefully. 

(b) The gauge variation of the e-term had to be fully taken into account and could not he expanded out as an 
infinitesimal exponent. 

To establish a contact between the analysis of earlier sections and these results, we shall now follow a procedure 
parallel to that in 

We now consider the generating functional 

W[J]e^5e]^ j Dcj)ex-p{iSeff[A,c,c;e - 56] + eR + i J d'^xJ^'A^,} (94) 

where S'e// refers to the effective action in the interpolating gauge that interpolates between the Coulomb and 
the Feynman gauge. We imagine performing the transformation as in ||^, 

J^^{x) - A^(x) ^ SA^ix) = ^Dfc(\x) j d' zc{z)^^^^^^^^^ I 59 (95) 

^c"(x) = -zig/"/37c/3(^)c7(^) j d4^^(^)^^Z[^£M 1^ 50 (96) 

5c" (x) = *F"[A(x);(?] j d4^c(^)^^Z[Ml^ 1^ 50 (97) 

As shown in [H, to preserve the vacuum-expectation- value of a gauge- invariant operator under this transformation, 
it is required that the e-term is suitably changed from eR -^e{R + 5R) [ For a definition of SR, see Eq.(p^]. It is 
then easy to show that |^ 

W[J;e~59] = J D(j)exp{iSeff[A,c,c;e- 5e]+eR + i J .P'A^d'^x} (98) 

= J D(j)'exp{iSeff[A',c,7;e]+e[R + 5R] 

+iJj^[A'^-5A,]d^x} (99) 

We now suppress the primes in (|99|), and rewrite the two equations as 

J D(j)exp{iSeff[A,c,c;9 - 59] + eR + i J J^A^} 

= j D(l)ey.^{iSeff[A,c,c]9]+e[R + 5R] + i j d'^xJ^'[A^-5Af,] (100) 

Or written differently, 

« exp{ii j d'^xAF^ - iASgk} cxp{e5R - i J d'^xJ^'SA^} »|, (101) 
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where, we have introduced the short-hand notation 



and 



«0[(t>]»\,= J D(l)O[(j)]exp{iSeff[A,c,c;0]+eR + i J d'^xJ'^Af,} 



AF^ = F\0) -F^{e- 59)- ASgh = Sgh{0) - Sgh{e - 59) 



(102) 



The relation ( |lOl| ) as it stands is undoubtedly correct. In the light of results of Sections 4 and 6 and of reference 
1^, we however ask whether the simplified version of this result, obtained by expanding the exponential with an 
"infinitesimal" exponents, viz. 



« {^i J d^xAF^ - lASgh} »L=<< {eSR - i J d^xJf'SAf,} >>|, 
« {^i J d^xAF"^ - iASgh ~eSR + i J d^xJ^SA^} 



and also the one obtained by dropping the sSR term altogether in (104), viz. 

« J d'^xAF^ - iASgh + i J d^xJf'SA^} »\,= 



(103) 
(104) 

(105) 



(which we normally understand as the WT-identity relevant to the evaluation of the 6'-dependence of Green's 
functions), can actually be used, in this form, to evaluate the gauge variation alway^^. We consider this issue in 
light of the results in section 4, where we found that 



<< exp[iSa / d'^xcjidlcf)] - 1 >> 



could not always be interpreted as 



<< [i6a j 



d'^xd 



» 



(106) 



(107) 



and it was later explicitly understood during the discussion regarding the example considered in section 6. We 
had also seen in reference |^ that the effect of the modification of the e-term was by no means always infinitesimal: 
It, in fact, lead to a unexpected modification of the propagator structure. In the normal usage of the WT-identity 
[2,3], we not only carry out this expansion, but in fact ignore the eSK term altogether]^ 

We shall now try to apply the WT-identity ( p.Ol|) t o the special case of the 4-point function considered in 
Section 6. We shall look at the left hand side of (lOl)in this context. To this 4-point function in the 1-loop 
approximation, there are a number of diagrams contributing. The effect of diagrams contributing to this term is 
to give the change in the 4-point function in the one loop approximation when the parameter 6 is changed from 
9-69 to 9. Among this difference there is the contribution which is exactly of the form of the difference 



lim 



im - I{9 - 69)} 



As seen, this difference is not understood as 69 for a process at sue] 



— 9r) that s' 



= Am?. 



At this point, it may appear that as we are taking only one of the contributions to the S-matrix elements, such 



l^We note, as mentioned earlier, that the WT-identity of the form (104) does not always follow by the procedure of expanding the 
exponential . Nevertheless, it could have been arrived at formally by writing down the BRS WT-identity and acting on it by the 
functional differential operator 50 J ^'^^{j^jj ^We~^~^JT(7)'^^} • (Here, ^ refers to the source of c). However, such a WT-identity 
will not enable us evaluate the gauge variation of a Green's function such as that in Section 6-7, when we want to jump across 8 = Oq, 
since it will not pick up the chan ge in the nondifferentiable part (imaginary part in the context of the example in Sec 6-7) correctly. 
There, we will have to use ( 101 li.^where the effects of the e-term cannot be overlooked. Further, the WT-identity (104) cannot be 



"exponentiated back" to yield (101) in the neighborhood of such a point. 

^"For unbroken gauge theories in the Lorentz class of gauges, we believe this is justified either by noting that no modification of 
the pole structrure happens in this case by the e-term variation eSK or by independent arguments. 

^^For the compatibility of notations with that used earlier in this section, we have somewhat altered our conventions for 69. 
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discontinuities will cancel out when all contributions are taken into account. Here, we would like to draw attention 
to the remarks made in section 7 that such problems are by no means specific to the contribution to the S-matrix 
element, they are also present in the off-shell Green's functions where we do not expect fortuitous cancellations 
of this kind to happen. [This fact has explicitly been verified in the example considered in Appendix A]. 

Now, this contribution [I{0) — I {9 — SO)] cannot be expanded as ^S9; so that it is not possible to expand out 
(at least) this contribution to<< exp{ij / d'^xAF^} — 1 >>|g as arising from << J d'^xAF'^} >>|gas then 
it would have to be proportional to SO. It is the latter term that is normally taken as one of the terms in the 
WT-identity after assuming that such an expansion does indeed hold! 



We next move onto the term<< expje^i?} >>|g0n the right hand side of (101). We would normally assume 
that we can expand exp{e5i?} as 

exp{e5R} ~ 1 + eSR 



and we normally drop the term eSR on the right hand side of the WT-identity (104). We had however seen an 
unusual effect of this term in |^ in the context of the present example of the interpolating gauge, which was 
neither infinitesimal nor ignorable ( See section 2 for more details). In fact, according to jH), we cannot always 
treat this term as of a lesser order compared to the original e-term, eR, in the exponent: its effects could be 
drastic enough to alter the propagator structure for S9 >> e. (This was essentially because eSR can contribute 
to an inverse propagator in such a way that the contribution blows up in a sensitive kinematical region and can 
overwhelm the eR term itself. The net e-term then determines the new propagator structure). Thus, it is by no 
means obvious that the expansion of exp{eSR} can be carried out nor is it obvious that its effects can be ignored 
as it is normally done. 

We shall explicitly show this in working for the example we have worked out in section 9. To see this, we 
restructure Eq.(p3|) as follows: 

J'^^ I'{9o,CC)- j"^^I'{9,CC) 

^^Z\ I'[0,liC + A)^iC + A)]- ^'^^ I'i9,CC) 
-0[S9] (108) 



We now compare the above equation with ( 101 ) . We note that the left hand side is a particular contribution 
to << {i« / d'^xAF^} — 1 >>\g from the diagram considered. The curly bracket on the right hand side is the 
correspondingf'large") contribution from << exp(e5i?) — 1} >>|gand has arisen from the seemingly "infinitesimal" 
exponent e^i^Q. .We note that it is this contribution that carries in it the "drastic" change in /. It is the residue 
that now is 0(59) and (when such residues are now collected for all contributing diagrams) it can be identified with 
the usual infinitesimal change from << i J d'^xJ'^SAf^} >>|gthat we normally associate with the gauge-variation 
of a Green's function via WT-identity. 



To summarize, we have written out the rigorous WT-identity (101) as would follow from the path-integral 



that takes into account the e-term. We went on to discuss whether the simplifications one usually mak es in it 
are always vaHd in the context of such interpolating gauges. We therefore applied the WT-identity (101) to the 
(off-shell and truncated) 4-point function of the gauge theories in 1-loop approximation. We write (101) as 

« exp{ii J d'^xAF^ ~ iASgh} - exp{e5i?} >>|,==<< -i J d'^xJ^'SAf,} »|, (109) 



Contribution to the left hand side of ( [109D comes from a set of diagrams in pairs (the first term giving the gauge 
variation of an original diagram to the Green's function and the second corresponds to the variation from an 
appropriate modification of the propagators C ^{C+A) in that diagram). We focused attention on a particular 
pair of contributions to the two terms coming from two time-like gluons intermediate state. We showed that [ for 
specific kinematical relations between p^'s and 6] this contribution to neither << exp{ii J d'^xAF^} >>|gnor<< 
expjeJi?} >>|9be expanded out as 1 -I- 0{S9). We further noted that the exp{e^i?}term could not be dropped 
out of the WT-identity. We found further that when the difference between these contributions is taken, that 
difference is 0(59) . We expect a similar result to hold for such pairs of terms arising from different diagrams 
and confirm the conclusion presented here for the entire 4-point function. 

^^The contribution from << exp(e(5_R) — 1} >>|g to a truncated diagram having internal gauge boson lines is obtained as the 
difference of the diagram evaluated with ^(C -I- ^) as the propagator and the one with C as the propagator |Q. 
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11 Further comments 



We shall now add several comments. 

11.1 Extension of difficulties associated with definition of ^ 

In section 6, we discussed a specific simple contribution to the 4-point function and studied its properties as 9 is 
varied. We found that for any physical amplitude, this contribution was not differentiable with 6 at some value of 
0. Not only did the derivative not exist, the left and the right derivatives differ by infinity. Moreover, we showed 
that the order of the limits e ^ and differentiation mattered at this point . We argued that the same effect 
also holds for a similar contribution to an off-shell Green's function. From its appearance, the scope of this result 
appears limited. In this section, we shall make a comment that suggests that the scope of this specific result 
itself is in fact wider than stated so far and show that the difficulties encountered in Section 6 are by no means 
confined to a particular value of 9 given s > Am? . [In addition, of course, we would encounter similar problems 
with other Green's functions which we have not dealt with in this work]. 

We shall give a simple argument to see that the difficulty cannot be confined to a particular value of 9 for a 
given process. We do this by considering different Lorentz frames. 

We note that for a given s sufficiently larger than (we shall soon be more specific about how much larger) 
there exists a Lorentz frame where s' = Am? for any 9 e (0, 1]. To see this, we note that the existence of the 
solution for 

s' = 9^pI - IpP = 4to2 

with 

s^pI~ IpI^ > 

simply requires that 

s-Am'>{\~9^)pl = {l-9^){s+\v\') 

This leads to 

4to2 (1-6*2), 



02 



s > 



52 

4m2 



02 

also proves to be a sufficient condition for the existence of a Lorentz frame with s' = 4m2. 

Thus, the difficulties we encountered in Section 6 will be encountered in some frame for any 9 £ (0, 1] provided 
s is sufficiently large. 

We now consider the generating functional for the theory expanded in terms of the gauge field Green's functions 
in momentum space as: 

Z[J,d]=Y. I \{dS.J{p.)5\Y.p.,)G}''\p,,....p,,-9) (110) 

n i i 

Focusing our attention on the n = 4 term, for the present, we note that given any 9 £ (0,1), there exists a 

~(4) ~(4) 

Gc (pi, ■■■■Pa', 9) which is not differentiable there. In fact, this is true for all Gc (pi, ■■■■Pa', 9) for which pi,p2,P3 
lie in a certain volume in an 11-dimensional subspace of the 12-dimensional momentum space. This makes Z[J, 0] 
nondifferentiable0 everywhere in e (0, 1). 

11.2 Wave-packets 

If one does not use sharply defined external line momenta but rather wave-packets, the value of s and also s'for 
the given diagram in Section 6 are "smeared". Then, with appropriate choice of wave-packets, it is possible to 
allow for the definition of even around the region of the unphysical particle threshold. However, 

this is no more helpful than making finite by keeping e > till the end ( See section 5). In either case, 
the discussion in section 10 remains valid: the e-term continues to contribute the same way except that both the 



terms on the left hand side of (109) are now simultaneously smeared. The important conclusions are unaltered. 



^^Here, we are assuming that we can use sources J{pi) that can create sharply defined momentum states (plane wave states). We 
can also relax this assumption and use only wavepackets for external lines. For this, please refer to the following subsection 11.2 . 
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12 Conclusions 



We shall now summarize our conclusions. We pointed out that interpolating gauges necessarily contain parameter- 
dependent denominators. We considered the special case of the interpolating gauge of Doust that interpolates 
between the Feynman and the Coulomb gauge. We drew attention to the fact that the path-integrals in such 
gauges do lead to Green's functions that are not differentiable functions of the variable parameter 0. We dealt 
with a specific contribution to a 4-point function in 1-loop approximation in detail. In connection with this, we 
established several results. We found that this was not differentiable at some value of the interpolating parameter 
e (0, 1). In fact, we showed that the path-integral that generates such diagrams has this obstruction at every 
9 e (0,1). We further showed that this amplitude at such & 6 — Oq is, not a differentiable function of 9, and 
consequently, the gauge variation around this point is not of 0{59) as the parameter is varied from 9^) ^ 9q + 59. 
This contradicts the assumption one makes in the derivation of the WT-identity. We further found that in the 
neighborhood of such point, it was necessary to keep the contribution from the variation of the e-term in the 
WT-identity. Both of these contributions were " large" in the neighborhood of this point. We further made the 
connection with the results of Ref.pl. 



13 Appendix A 

In this appendix, we shall give an expHcit example to substantiate the claims in Section 7 for the off-shell Green's 
functions. It will prove simpler to deal with an abelian gauge theory: we shall consider scalar electrodynamics 
given by the Lagrangian density. 



For future use, we note the propagator for the gauge bosonp 



with 



G,,,, — 



{9^kl-\k\'^ +ie) 
{9^k^-\k\^ + ie)\k\-^ 

are respectively, the transverse, the time-like, and the longitudinal propagators. We note that both the Gj^^, G^^ 
have the same pole structure, while the transverse part has only a usual pole at k"^ + ie = 0. 
We consider the 1-loop contributions to the process: 



through 2-photon exchange. We let the 4-momenta of the 4 particles be pi; i = 1, 2, 3, 4 respectively. We shall not 
necessarily require these to be on-shell but later choose them suitably. 

We consider the imaginary part of the forward amplitude for this process with pf < m^and s > and w < 0. 
In this case, the contribution to the imaginary part comes only from the two photons in the intermediate states 
and there are three possibilities: (1) both photon propagators are G*'';(2) One photon propagator is G*''and the 
other is G^^'^^; and (3)both the photon propagators are G*-"^'^^. It turns out that the threshold for the cases (1) 
and (2) are at (pi + P2)'^ — {ki + ^2)^ — and thus are independent of 9. Only the threshold for the third case 
is at 9'^{pio + p2o)^ — |pi + P2p = as also found in Section 6. This 6'-dependent threshold gives trouble with 
differentiation. 

We have verified that the imaginary part arising from the case (3) vanishes for the on-shell amplitude in the 
one-loop approximation; which is guaranteed here from the tree WT-identities {terms in which do not yet depend 
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on the gauge). We have also verified that the imaginary part from the case (3) does not vanish near threshold for 
the off-shell amplitude. 
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1] On page 29, in the second line after Eq. (105), replace the part of the sentence: " actually holds in this 
form." by the following (together with the footnote there): 

"can actually be used, in this form, to evaluate the gauge variation alway^^. 
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